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The package SIHR aims to perform statistical inference in high-dimensional generalized linear models
with continuous and binary outcomes. It provides tools for constructing confidence intervals and performing
hypothesis tests for low-dimensional objectives in both one-sample and two-sample regression settings.

1 Introduction

We consider the high-dimensional GLMs: for 1 < i < n,

z for linear model;

E(yi | Xi) = f(X[B),  with f(z) = { (1)

exp (z)/ [1 + exp (2)] for logistic model;

where 8 € RP denotes the high-dimensional regression vector, y; € R and X;. € R? denote respectively the
outcome and the measured covariates of the i-th observation. Throughout the paper, define ¥ = EX; X[
and assume [ to be a sparse vector with its sparsity level denoted as ||5|lo. In addition to the one-sample
setting, we examine the statistical inference methods for the two-sample regression models. Particularly, we
generalize the regression model in (1) and consider:

By | X)) = f(xPT0) withk=1,2and 1 <i < ny, 2)

where f(-) is the pre-specified link function defined as (1), 3*) € RP denotes the high-dimensional regression

vector in k-th sample, ygk) € R and Xi(_k) € RP denote respectively the outcome and the measured covariates
in the k-th sample.

1.1 Package Components

This package consists of five main functions LF, QF, CATE, InnProd, and Dist implementing the statistical
inferences for five different quantities, under the one-sample model (1) or two-sample model (2).

1. LF, abbreviated for linear functional, implements the inference approach for x]., 3, with Znew € RP

denoting a loading vector. With z,.w = e; as a special case, LF infers the regression coefficient f3;.

2. QF, abbreviated for quadratic functional, makes inferences for STASB. A is either a pre-specified sub-
matrix or the unknown covariance matrix 3.

3. CATE, abbreviated for conditional average treatment effect, is to make inference for f(zT, B3?%) —
f (x;ewﬁ(l)). This difference measures the discrepancy between conditional means, closely related to
the conditional average treatment effect for the new observation with covariates Zyew-.

4. InnProd, abbreviated for inner products, implements the statistical inference for (VT A3, The inner
products measure the similarity between the high-dimensional vectors f(*) and (), which is useful in
capturing the genetic relatedness in the GWAS applications.

5. Dist, short-handed for distance, makes inferences for the weighted distances yT Ay with v = g2 —g(1),
The distance measure is useful in comparing different high-dimensional regression vectors.



1.2 Outlines

In section 2.2, we propose a unified inference method for xT., 3 under linear and logistic outcome models.

We also discuss inferences for quadratic functionals BLABc and SLYq cBq in section 2.3. In the case

of the two-sample high-dimensional regression model (2), we develop the inference method for conditional
treatment effect A(2pew) = f(27.,8?) — f(2T.,81) in section 2.4; we consider inference for ﬁg)TAﬂg)

and ﬁg)TZG,Gﬁg) in section 2.5 and 7, Ay and 74 ¥q cve with v = 83 — B in section 2.6.

2 Methodologies

We briefly review the penalized maximum likelihood estimator of 8 in the high-dimensional GLM (1), defined
as:

")jg'? 18,1, 3)

with X.; denoting the j-th column of X, the first column of X set as the constant 1, and

/4
= in £(8) + A
B = arg min €(8) + o;

w2 im (Wi — XiTﬂ)z for linear model
(B) = 1 —n FXTB) R T ) . .4
— L5 L yilog [WPZ(TB)} — 2> i log (1 - f(X]5)) for GLM with binary outcome.

The tuning parameter Ay =< y/logp/n is chosen by cross-validation. In the penalized regression (3), we do
not penalize the intercept coefficient 8. The penalized estimators have been shown to achieve the optimal
convergence rates and satisfy desirable variable selection properties [10, 1, 14, 12]. However, these estimators
are not ready for statistical inference due to the non-negligible estimation bias induced by the penalty term
[11, 8, 13].

2.1 Linear functional for linear model

To illustrate the main idea, we start with the linear functional for the linear model, which will be extended to
a unified version in the section Linear functional for GLM. For the linear model in (1), we define ¢; = y; — X8
and rewrite the model as y; = X[ +¢; for 1 <i <n.

Given the vector zpew € RP, a natural idea for the point estimator is to use the plug-in estimator z].. 3
with the initial estimator 5 defined in (3). However, the bias 2], (5 — 8) is not negligible. The work Cai
et al. [3] proposed the bias-corrected estimator as,

— 1 &
x;l;ewﬂ = x;rlcwﬁ + aTﬁ Zle (yz - XLT/B) )
i—

()
where the second term on the right hand side in (5) is the estimate of negative bias —erleW(B — f), and the
projection direction # is defined as

u=arg 5161]11& uT¥u  subject to: || XU — Tnewlloo < ||Tnew |20 (6)

2o St = [Tnen 3] < new 310, (7)

where & = %Z:‘L:I X;. X[ and po =< y/logp/n. The bias-corrected estimator zfew/S satisfies the following
error decomposition,

-~

— 1 n =N T
11; Wi r =uT— XT i (EA_ new) - .
=t =753 Kl (850 (3 )

asymp. normal remaining bias

The constrained optimization problem in (6) and (7) is designed to minimize the error on the right-hand
side of the above equation: the first constraint in (6) controls the ”remaining bias” term in the above



equation while the objective function in (6) is used to minimize the variance of the ”asymp. normal” term.
Importantly, the second constraint in (7) ensures the standard error of the "asymp. normal” term always
dominates the "remaining bias” term. Based on the asymptotic normality, we construct the CI for a1 . 3 as

— — —_— —~ -~ 52 ~
Cl = (x;ewﬂ — 20 VV,  TlewB+ 20 /Qx/\7) with V = %mza,

where 62 = %Z?:l(yi - X7 B)Q, and z, /2 denotes the upper «/2 quantile for the standard normal distribu-
tion.

2.2 Linear functional for GLM

In this subsection, we generalize the inference method specifically for the linear model in Linear functional
for linear model to GLM in (1). Given the initial estimator § defined in (3), the key step is to estimate the

bias zT (ﬂ — /). We can propose a generalized version of the bias-corrected estimator for z] . 5 as

new

3

Towd = a1 BT S w(X1B) (i~ F(XIB)) X, ®)

=1

where the projection direction @ is defined in the following (9) and w : R — R denotes a weight function
specified in the following Table 1 associated with different link functions.

Model Outcome Type | f(z) | f'(2) w(z) | Weighting
linear Continuous 1 1

logistic Binary 1i;z (Hi;)? (14;2)2 Linearization
logistic_alter | Binary oo @7)2 1 Link-specific

Table 1: Definitions of the functions w and f for different GLMs.

In Table 1, we consider different GLM models and present the link function f(-), its derivative f’(-), and
the corresponding weight function w(-). Note that there are two ways of specifying the weights w(z) for
logistic regression, where the linearization weighting was proposed in Guo et al. [7] for logistic regression
while the link-specific weighting function was proposed in Cai et al. [4] for general link function f(-). The
projection direction & € RP in (8) is constructed as follows:

1< ~ 5
U = arg min u7 [n Zw(XiTﬂ)f'(XiTﬂ)Xi.XiT.‘| u  subject to:

S HxneWHQ,U/O (9)
i=1 0
1 « -~
x;ewﬁ Zw(XZTﬂ)f (XTB) X5 X[t — [|Tnew 3| < llznewl310-
=1

It has been established that J:/Imw\ﬁ in (8) is asymptotically unbiased and normal for the linear model [3], the

logistic model [6, 4]. The variance of 2w/ can be estimated by V, defined as

V=aT [ . Z( XTB) afxi.X;] 4 with : (10)
s~ (y - XT 3)2 , for linear model
gz = | m e WA ()

f(XiT,B)(l - f(XJB)), for logistic regression with f(z) = exp(z)/[1 + exp(2)]



Based on the asymptotic normality, the CI for «T., 0 is:
CI = (m — 20V, x/me\/BJrza/zﬁ) :

Subsequently, for the binary outcome case, we estimate the case probability P(y; = 1 | X;. = Zpew) by
f(:cnewﬁ) and construct the CI for f(z].,/5), with f(z) = exp(z)/[1 + exp(z)], as

1= (1 (7 — 20gs V7)o (7B 200V

2.3 Quadratic functional for GLM

We now move our focus to inference for the quadratic functional Qa4 = SLABg, where G C {1,...,p} and
A € RIGIXIG] denotes a pre-specified matrix of interest. Without loss of generality, we set G = {1,2,---,|G|}.

With the initial estimator B defined in (3), the plug-in estimator E(T;ABG has the following estimation error,
BLABG — BLABe = 2BEA(Be — ) — (B — Ba)TA(Ba — Ba).
The last term in the above decomposition (ﬂg - Bg)TA(BG — Bg) is the higher-order approxnnatlon error

under regular conditions; thus the bias of B A,BG mainly comes from the term 2B(T;A(,6’G — Ba), which can

be expressed as 2 xgew(é— B) with Tpew = (5&14, 0)T. Hence the term can be estimated directly by applying
the linear functional approach in section Linear functional for GLM. Utilizing this idea, Guo et al. [7, 5]
proposed the following estimator of Q4,

~ o O ~ ~
Qa = BLABG +2a, [n > w(XIB) (v - F(XIB)) X} , (12)
i=1
where 4 is the projection direction defined in (9) with Zpew = (B\CT;A7 07)T. Since Q4 is non-negative if
A is positive semi-definite, we truncate Q A at 0 and define Q A = max (Q A, O). We further estimate the

variance of the Q A by

N 1 & S ~ T
Va(r) = 4u}, an sz(Xlﬂ)U?Xi~XiT- uA o 13)

i=1

where 57 is defined in (11) and the term 7/n with 7 > 0 (default value 7 = 1) is introduced as an upper
bound for the term (Bg — Ba)TA(Bc — Bc). Then given a fixed value of 7, we construct the CI for Q4 as

Cl(r) = (maX <QA — Za/2 Va(r), 0) , Qa+ Za)2 \AfA(T))

Now we turn to the estimation of Qs = SLXq ¢Bc where the matrix Yq ¢ is unknown and estimated
by Xg g = % Z?:l XicX[,. Decompose the error of the plug-in estimator L Xq ¢/f5:

E&ic cB - BeXachfa =2 Bg;ie a(Ba - Be) + Bé(ic ¢ —2a.e)ba — (Ba — Ba) Ea.a(Ba — Ba)

The first term BGZG G(ﬁg — Bg) is estimated by applymg linear functional approach in Linear functional
for GLM with Zpew = (ﬂGEG G, 0)T; the second term ﬁG(EG G~ Y¢,¢)PBa can be controlled asymptotically

by central limit theorem; and the last term (BG — Bg)TZG G(BG — Ba) is negligible due to high-order bias.
Guo et al. [7] proposed the following estimator of Qs

I o~ 11 & ~ ~

Qs = BLEq,cfc +2uf, [n ZW(XJ-IB) (yi - f(XiTﬂ)) Xi-] )
i=1

where Uy is the projection direction constructed in (9) with xpew = (Bg;i(;,(;, 0)T. We introduce the

estimator Qx = max(Qys, 0) and estimate its variance as

=~ 1 ¢ a1 T2 e 2N . T

us+ 5 ; ( GXi e X/ gBa — ﬂGEG,Gﬁe) + o (14)




where 67 is defined in (11) and the term 7/n with 7 > 0 is introduced as an upper bound for the term
(Be — Ba)"2¢,c(Ba — Ba). Then, for a fixed value of 7, we can construct the CI for Qx as

Cl(r) = (max <Qg — Zq /2\/??(7), 0) , Qs + 20 /2\/??(7)) : (15)

2.4 Conditional average treatment effects

The inference methods developed for one sample can be generalized to make inferences for conditional
average treatment effects (CATE). From a causality viewpoint, we consider the data set {(X;.,y;, D;)} for
i=1,...,n, where D; € {1,2} indicates the treatment assigned to the i-th observation. For a new observation
with covariates X;. = Xpneyw, we define CATE as A(Zpew) = E(y;| X, D; = 2) — E(y;| Xi., D; = 1).

We group observations {i : D; = k} into the k-th data sample {(Xi(,k), ygk)} for k = 1,2, where 1 <1 < ny
and ny + ng = n. Subsequently, we rewrite E(y;|X;., D; = k) as E[ygk)\Xi(k) = Tpew) for k = 1,2. Using the
GLM model outlined in (2), the CATE can be formulated as

A(znew) = By X = 2pew] — E[pt V[ X Y = tnew] = f(@70BP) = f(aTeBY).

Following (8), we construct the bias-corrected point estimators of xml) and zmm, together with
their corresponding variances V() and V(2 as (10). For the first sample (Xi(l),ygl)), where 1 < i < nq, we
use the methods described in equations (8) and (10) to compute the bias-corrected point estimator mml)
and the variance estimator \7(1), respectively. Similarly, for the second sample (X 2(2), yZ@)), where 1 <17 < no,

we apply the same procedures to derive the point estimator Iﬁ\ew B(2) and the variance estimator V@,
The paper Cai et al. [3] proposed to estimate A(Zpew) by A(Znew) as follows,

A(:L‘new) = f($m2)) - f(xml))
Its variance can be estimated with delta method by:
~ — N2 — N2
VA= (f/(xr.l;ewﬁ(l))) T 4 (f'(xﬁewﬁ@))) V@.

Then we construct the CI for A(2pey) as

Cl= <A(xnew> - Za/2 vAa 3(xnew) + Za/2 \/ vA) .

2.5 Inner product of regression vectors

The paper Guo et al. [5], Ma et al. [9] have investigated the CI construction for ,88 )TAﬂg ), provided with a
pre-specified submatrix A € RIG*IGl and the set of indices G C {1,...,p}. With 3(1) and 5®) denoting the

initial estimators fitted on first and second data sample via (3), respectively, the plug-in estimator B\g )TAgg )
admits the following bias,

BYTABY — BTARY = BT A (BY - 8Y) + BYTA (B - 52
- (B9 -89) 4 (BE - 52).
The key step is to estimate the components BS)TA (Bg) - [38)) and BS)TA (Bg) - g)), since the last
term (Aél ) ﬁg ))TA(Bg ) Bg )) is negligible due to high-order bias. We propose the following bias-corrected

estimator for ﬁg )TABg )

— =N N R 1 ni N R
B6"TABE) = BT ARG T - 3 w(X(TEW) (! - f(x(TBY)) XY
=1
o~ 1 i~ 2)T A 2 2)T A 2
vl 3 wXETE) (o — FxPTE)) X1,
i=1

(16)



Here u; represents the projection direction computed in (9), using the first sample data and zpew =
(,Bg )TA, 0)7. Similarly, @y is the projection direction derived from the second sample data, using pew =

(B\g T 4, 0)T. The corresponding variance of 68 )TABg ). when A is a known positive definite matrix, is

estimated as -

Va(r) =V V@ 4 ——
min(ny, ng)
where V() is computed as in (10) for the k-th regression model (k = 1,2) and the term 7/ min(ny, ng) with
7 > 0 is introduced as an upper bound for the term ( 8) - 8))TA( (GQ) - ﬁg))
We also consider the case of unknown A = ¥g ¢. As a natural generalization, the quantity 68 )TZQG Bg )
is well defined if the two regression models in (2) share the design covariance matrix ¥ = IEXZ(_l)Xf_l)T =
EX® X*T We follow the above procedures by replacing A with S ¢ = e ™ X o X[ where X

T
G

is the row-combined matrix of X and X . The variance of 3 EG7gﬂg ) is now estimated as

ni+nz
~

. . 1 N ~ e N 2
— v (2) § ' DT 5 T 32 2T (2)>
Va(n) =VE+VE S (n1 + n9)? i=1 ( G XZ’GXZ’G G ﬂG EG’GﬂG +

T

min(nl, 712) '

We then construct the CI for BS)TA,BS) as

BS)TAﬂg) - za/g\A/A(T), S)TAﬁg) + za/2\7A(T)> if A is specified
Cl(r) = Die o2 S Die 2 G

ﬁ((} )ngvgﬁé) — Za/QVE(T), 5&”2(}’@5&) + 20/2V2(7)> A= Yq g is unknown.

2.6 Distance of regression vectors

We denote v = 2 — (1) and its initial estimator 7 = 3(2) — B\(l). The quantity of interest is the distance
between two regression vectors % Avq, given a pre-specified submatrix A € RIGI*IGI and the set of indices
G € {1, ...,p}. The bias of the plug-in estimator 7} A7 is:

~ P ~ (2 2 ~ (1 1 ~ ~
VCT;AVG*%T;AVGZQVéA( é)* é)) *272;14< 8*58) - (e —7a)"A(Fe —a) -

The key step is to estimate the error components 7§ A (38) — 8)) and 7L A (Ag) — ﬂg)) in the above
decomposition. We apply linear functional techniques twice here, and propose the bias-corrected estimator:

—_— P ~ ~
& AYe = AL A7G — QUIE ZW(XZ_(})TB(D) (1/1(1) _ f(XZ(_l)TB(l))) x®
i=1
(17)

n2

1 ~ -~
+2aL- S w(XITE) (uf - (xPTE)) X2,
=1

where u; and Uy are the projection directions defined in (9) with zpew = (ﬁéA,O)T but on two different
sample data respectively. The second term on right-hand-side of (17) is to estimate —2 x;ew(gg ) 68 )) and
the third term on right-hand-side of (17) is to estimate —2z] . ( g) - (2)).

To maintain non-negativity of distance, we define 7§, Ayg = max {’)/g;A’Yg, O} and estimate its corre-

—_—
sponding asymptotic variance as

Ta(r) = aTW 44T T
min(ny, ng)

where V(® is computed as in (10) for the k-th regression model (k = 1,2) and the term 7/ min(ny, ne) with
7 > 0 is introduced as an upper bound for the term (3¢ —va)TA(Rc — v¢). With asymptotic normality, we



construct the CI for 4§, Ay as

CI(r) = (max (’Y&AWG — za/Q\/v (1), 0) s Y& AYG + za/Q\/\Af (T)) )

We further consider the unknown matrix A = Xg ¢ and construct the point estimator 'yg Ya,cYe in

a similar way as outlined in (17). In this case, the submatrix A is substituted with igg, where Xg g =

L Zlefm Xi,a X[ g with X as the row-combined matrix of X® and X@ . Its corresponding asymptotic

ni —4—_71,2 .
variance 18

v VO 47O Al 5 ? 7
Ve(r) =4V 4 4V@ 4~ (ATXi XT Aq — A58 A) S
5(7) + T o ; EXieXlgie ~F6lecie) + s

Next we present the CI for v ¥a ava.

CI(r) = (max (’yéEgg’yG - za/g\/\Af (1), O) ,YEEa,eve + za/gx/\A/ (7')) .

3 Others

3.1 Construction of Projection Direction

The construction of projection directions are key to the bias correction step, see (8). In the following, we
introduce the equivalent dual problem of constructing the projection direction. The constrained optimizer

@ € R? can be computed in the form of = —3 [G_l + ”;‘"QWH 91} , where, v € RPT! is defined as
new ||2
~ ! . .
V = arg min {VTHTXTD1ag(w)D1ag(f')XHV + 2l Hv + Ay, [|Znew|s - ||V|1} , (18)
vERP+H1 n
~ ~N\T -~ ~N\T
with H = [H;;%vyuz,lpxp} € RPX(rH) | w = (w(Xm),...,w(Xm)) and £/ = (f'(Xm),...,f'(Xm)) . We

refer to Proposition 2 in Cai et al. [2] for the detailed derivation of the dual problem (18). In this dual
problem, when S is singular and the tuning parameter A,, > 0 gets sufficiently close to 0, the dual problem
cannot be solved as the minimum value converges to negative infinity. Hence we choose the smallest A, > 0
such that the dual problem has a finite minimum value. Such selection of the tuning parameter dated at
least back to Javanmard and Montanari [8].
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